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Definition Let S be asemigroup and let 7' be a subset of
5.

Therank of S 1sthe smallest number of e ements
needed in order to generate S’

rank(S) = min{|A| : (A) = S}.

Therelative rank of .S modulo 7" Isthe minimal
number of elements of S that need to be added to T
In order to generate the whole of S

rank(S : 1) = min{|A|: AC S,(TUA) =S5}.
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Example: thestructureof 75

O3
|
{1,2} {2,3} {1, 3}
8},41,2} | [1,1,2]12,2,1] | [2,2,3],[3,3,2] | [1,1,3],[3,3,1
{1},{2,3} |[1,2,2],[2,1,1] | [2,3,3],]3,2,2] | [1,3,3],[3,1,1
{2}, {1,3} |[1.2,1],[2,1,2] | [2,3,2],(3.2,3] | [1,3,1],[3,1,3
|
Uy 12y {3}
{1,2,3} 1,1,1] | [2,2,2] | 3,3, 3]

BMC 2004 — p.3/2:




Definition Let J be some 7 class of asemigroup S.
Then the principal factor of S corresponding to J isthe

set J* = J U {0} with multiplication

ool — st : If s,t,steJ
1 0 : otherwise

Definition A semigroup with zero is called 0-simple If
{0} and S areitsonly ideals.

Theorem If J i1sa J classof asemigroup S then J* Is
either a 0-simple semigroup or elseit isazero
semigroup.
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atrix semigroups

tion

- afinite group.



Rees matrix semigroups
Definition

= (G - afinite group.
= [, A be non-empty finite iIndex sets.
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Rees matrix semigroups
Definition
= (G - afinite group.

= [, A be non-empty finite iIndex sets.
= P = (py) aregular A x I matrix over G U {0}.
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Rees matrix semigroups
Definition
= (G - afinite group.

= [, A be non-empty finite iIndex sets.
= P = (py) aregular A x I matrix over G U {0}.

mS=(IxGxA)uU{0} withmultiplication

(7;7 gp)\]ha :u) : PXj # 0
0 . otherwise

(¢,9, M), by ) = {

(2,9, A)0 = 0(7,g,\) = 00 = 0.
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Rees matrix semigroups

Theorem(The Rees Theorem) A semigroup S IS
completely 0-ssmpleif and only If it isisomorphic to
MYG; I, A; P] where G isagroup and P isregular.
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TheBlG Problem

Problem Find aformulafor the rank of an arbitrary
completely 0-simple semigroup.

= What might we expect the value to depend on?
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TheBlG Problem

Problem Find aformulafor the rank of an arbitrary
completely 0-simple semigroup.

= What might we expect the value to depend on?
= |1, Al
= rank(G).
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TheBlG Problem

Problem Find aformulafor the rank of an arbitrary
completely 0-simple semigroup.

m E(S) (‘contribution’ from the entries in the matrix).
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Problem Find aformulafor the rank of an arbitrary
completely 0-simple semigroup.

E(S) (‘contribution’ from the entriesin the matrix).
Remember that (7, p); !, \) are idempotent

(2, Dxi A)(i,mi_la A = (3, Dxi DDA Y
— (Z.ap)\i_la)\)'
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We will break the problem up and consider the following
special cases.

Groups.

Rectangular bands.

Rectangular 0-bands - M°[{e}; I, A; P].

Simple semigroups.

Connected 0-simple semigroups.

Brandt semigroups (P ~ I).
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Groups

Lemma Let G be afinite group, then

rank(M"[G; {1}, {1}; (1)]) = rank(G).

{0}
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Rectangular bands

Definition R, = {1,...,m} x {1,...,n} with
(Za])(kv l) — (Za l)
Proposition
rank(R,,,) = max{m,n}.

Pr oof
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DefinitionLet I = {1,2,...,m}and A ={1,2,...,n}
befinite setsand let P be aregular n x m matrix of 0s
and 1s. A rectangular 0-band is a semigroup

S =ZB,, = (I x \)U{0} whose multiplication is
given by

NG ={ ]
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Rectangular 0-bands

— O - O
S - —= O
— O O
S - O
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A= {(17 1)7 (27 3)7 (37 4)7 (47 2)}
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Rectangular 0-bands
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Rectangular 0-bands
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Rectangular 0-bands
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Rectangular 0-bands




Rectangular 0-bands

Theorem Let S = ZB,,,, beanm x n rectangular
0-band, then

rank(S) = max{m,n}.
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Corollaries

Corollary If S = MV[G; I, A; P] isidempotent
generated then

rank(S) = max(|I|, |A]).
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Corollary If S = M"[G; I, A; P] isidempotent
generated then

rank(S) = max(|/], |A|).
Corollary With
Kn,r)={aecT,:|ima)| <r},2<r<n-1)

we have

rank(K (n,r)) = max(<
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Theorem(NR,1994) Let S = M|G; I, A; P| be afinite
Rees matrix semigroup with P in normal form. Then

rank(S) = max(|I|, |A|,rank(G : H))

where H = (P).
Normal form
( 1 1 1 ... 1 \
1 g22 g23 ... Q2n
P = 1 g32 933 ... G3n

K 1 dn?2 dn3 --+  Onn )
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Definition Let S = M"[G; I, A; P], thenwelet I'(S) be
the graph with set of vertices

{(2,\) € I x A: H;, isagroup} and (¢, \) adjacent to
(7, ) ifandonly if i = j or A = p.

Definition We say S = M[G; I, A; P] is connected if
['(.S) is connected.

Example Connected.
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Connected completely 0-ssmple semigroups

Definition Let S = MY[G; I, A; P], thenwelet I'(S) be
the graph with set of vertices
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Definition Let S = M"[G; I, A; P], thenwelet I'(S) be
the graph with set of vertices

{(2,\) € I x A: H;, isagroup} and (¢, \) adjacent to
(7, ) ifandonly if i = j or A = p.

Definition We say S = M[G; I, A; P] is connected if
['(.S) is connected.

Example Connected.

In particular S = M|G; I, A; P| (Smple semigroups) are
all connected.
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Connected completely 0-ssmple semigroups

Definition Let S = MY[G; I, A; P], thenwelet I'(S) be
the graph with set of vertices

{(i,A\) € I x A: H;yisagroup} and (i, \) adjacent to
(7, ) ifandonly if - = j or A = p.

Definition We say S = M[G; I, A; P] is connected if
['(,S) is connected.

Example Disconnected.
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Theorem(NR,1994) Let S = M[G; I, A; P] be afinite
connected Rees matrix semigroup with regular matrix P
(iIn normal form). Then

rank(S) = max(|I|, |A|,rank(G : H))

where H 1sthe subgroup of G generated by the non-zero
entriesin P.
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Theorem(Howie,Gomes,1986) L et
B = B(G,{1,...,n}) beaBrandt semigroup, where G

ISafinite group of rank . Then therank of B (asan
Inverse semigroup) isr +n — 1.
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Theorem(Howie,Gomes,1986) L et

B = B(G,{1,...,n}) beaBrandt semigroup, where G
ISafinite group of rank . Then therank of B (asan
Inverse semigroup) isr +n — 1.

Proof (<)
A={(1,01,1),...,(1,9,1),(1,6,2),(2,€,3),...,(n—1,e,n)}
(>) Using graph theory.
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What do we know?

G ={e} G arbitrary

Connected
Disconnected
Brandt
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What do we know?

G ={e} G arbitrary
Connected max(|/|, |A|, rank(G : H))
Disconnected
Brandt
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What do we know?

G ={e} G arbitrary
Connected max(|/|, |A|, rank(G : H))

Disconnected

Brandt max(n,n,r +n— 1)
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What do we know?

G ={e} G arbitrary
Connected | max(|I|,|A])  max(|I|, |A|,rank(G : H))

Disconnected

Brandt max(n, n) max(n,n,r +n — 1)
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What do we know?

G ={e} G arbitrary
Connected | max(|/|,|A])  max(|I|,|A|,rank(G : H))
Disconnected | max(|/|, |A])

Brandt max(n, n) max(n,n,r +n — 1)
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What do we know?

G ={e} G arbitrary
Connected | max(|/|,|A])  max(|I|,|A|,rank(G : H))
Disconnected | max(|/|, |A]) ?
Brandt max(n, n) max(n,n,r +n — 1)
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Theorem Let S = MP[G; I, A; P] be afinite Rees
matrix semigroup with regular matrix P (in normal

form) with connected components C', . .., Cy and H; the
subgroup of G generated by all non-zero entries of C';,
fory=1,... k. Then

rank(S) = max(|/|, |A|, rmin + k& — 1)
where

Pmin = min (rank(G : U*_, ¢, ' H.qg,)).
(g1,-90)€G X ... X G j=17 797

J/

Y

k

BMC 2004 — p.23/2:



	Rank
	Example: the structure of $T_3$
	Principal factors
	Rees matrix semigroups
	Rees matrix semigroups
	The BIG Problem
	The BIG Problem
	Special Cases
	Groups
	Rectangular bands
	Rectangular $0$-bands
	Rectangular $0$-bands
	Rectangular $0$-bands
	Rectangular $0$-bands
	Corollaries
	Simple
	�egin {normalsize} Connected completely $0$-simple semigroups end {normalsize}
	�egin {normalsize} Connected completely $0$-simple semigroups end {normalsize}
	Connected
	Brandt Semigroup
	
	General Formula

