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Semigroup presentations

Definition
@ Presentation: (A|R) A - alphabet (abstract generators)
R C AT x AT set of pairs of words (defining relations)

@ Defines the semigroup S = A™ /n where 7 is the smallest
congruence on At containing R.

@ Sis finitely generated if A can be chosen to be finite.
@ Sis finitely presented if A and R can both be chosen to be finite
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Semigroup presentations

Definition
@ Presentation: (A|R) A - alphabet (abstract generators)
R C AT x AT set of pairs of words (defining relations)

@ Defines the semigroup S = A™ /n where 7 is the smallest
congruence on At containing R.

@ Sis finitely generated if A can be chosen to be finite.
@ Sis finitely presented if A and R can both be chosen to be finite.

v

Facts
@ Every finite semigroup is finitely presented (Cayley table).
@ Not every finitely generated semigroup is finitely presented

(a,b|ab'a=aba(i=2,3,...).

Robert Gray (University of Leeds ) BMC 2006 2/12



Presentations for subsemigroups
Let T be a subsemigroup of S.
In general...

@ Sfinitely generated 4 T finitely generated.

@ Sfinitely presented and T finitely generated 4 T finitely
presented.
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Presentations for subsemigroups
Let T be a subsemigroup of S.
In general...

@ Sfinitely generated 4 T finitely generated.

@ Sfinitely presented and T finitely generated 4 T finitely
presented.

Theorem (Jura (1978))
S finitely generated and S\ T finite = T finitely generated.

Theorem (Ruskuc (1998))
S finitely presented and S\ T finite = T finitely presented.
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Presentations for subsemigroups
Let T be a subsemigroup of S.

In general...

@ Sfinitely generated 4 T finitely generated.

@ Sfinitely presented and T finitely generated 4 T finitely
presented.

Theorem (Jura (1978))
S finitely generated and S\ T finite = T finitely generated.

Theorem (Ruskuc (1998))
S finitely presented and S\ T finite = T finitely presented.

Question
Can the condition |S\ T| < co be replaced by something weaker?
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Cayley Graphs

Definition
Let S be a semigroup
generated by a finite set A

The right Cayley graph
(A, S) has:

@ \ertices: elements of S.

@ Edges: directed and
labelled with letters from
A

sitesa=t
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Semigroup boundaries

Definition
@ Let T be a subsemigroup of S.

@ The right boundary of T in S is the set of elements of T that
receive an edge from S\ T in the right Cayley graph of S:

B/(AT)=(S\T)ANT.
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Semigroup boundaries

Definition
@ Let T be a subsemigroup of S.

@ The right boundary of T in S is the set of elements of T that
receive an edge from S\ T in the right Cayley graph of S:

B/(AT)=(S\T)ANT.

@ The left boundary of T in S is the set of elements of T that receive
an edge from S\ T in the left Cayley graph of S:

B(AT)=AS\T)NT.

@ The (iwo-sided) boundary is the union of the left and right
boundaries:

B(A, T)=B)(A T)UB(AT).
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A straightforward example

Example (Free monoid on two generators)
o S={ab}*, T = {words that begin with the letter a}.

A AA A

aaa aab aba abb 3 baa bab bba bbb

Right boundary: B,({a, b}, T) = {a}.
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A straightforward example

Example (Free monoid on two generators)
o S={ab}*, T = {words that begin with the letter a}.

Left boundary: B,({a, b}, T) = {a} U {ab{a, b}*}.
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Basic properties

Proposition (Invariance)

Let A and B be two finite generating sets for a semigroup S. Then
B (A, T) is finite if and only if B,(B, T) is finite. (The same for left and
two-sided.)

Proposition

The following conditions are all sufficient for T to have a finite
boundary.

Q |T|<x
Q [S\ T| < o
© S\ T is a two-sided ideal of S
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Left and right independence
Example

Let S be the semigroup with set of generators A = {a} U BU C U {0},
where B and C are finite alphabets, and relations R given by:

ab=b, ba=0 beB
ac=0, ca=c ceC
x0=0x=0 x €A

Let T = (A\ a). Then:

v
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Left and right independence

Example

Let S be the semigroup with set of generators A = {a} U BU C U {0},

where B and C are finite alphabets, and relations R given by:

ab=b, ba=0 beB
ac=0, ca=c ceC
x0=0x=0 x €A

Let T = (A\ a). Then:

(i) N={0}u{a:ieNJuBUCUBCUCBUBCBUCBCU...

is a set of normal forms for S;
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Left and right independence

Example

Let S be the semigroup with set of generators A = {a} U BU C U {0},

where B and C are finite alphabets, and relations R given by:

ab=b, ba=0 beB
ac=0, ca=c ceC
x0=0x=0 x €A

Let T = (A\ a). Then:

(i) N={0}u{a:ieNJuBUCUBCUCBUBCBUCBCU...

is a set of normal forms for S;
(i) BA(AT)= {a’ e NO}AO T =BuU{0};
(i) B)(A, T)= A{a" e No} NT=Cu{0};
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Left and right independence

Example

Let S be the semigroup with set of generators A = {a} U BU C U {0},

where B and C are finite alphabets, and relations R given by:

ab=b, ba=0 beB
ac=0, ca=c ceC
x0=0x=0 x €A

Let T = (A\ a). Then:

(i) N={0}u{a:ieNJuBUCUBCUCBUBCBUCBCU...

is a set of normal forms for S;
(i) B(A T)={a :ieNYANT = BU {0};
(i) B(A, T)=A{a:ieN}NT=Cu{0};
(iv) Sand T are both infinite;
(v) S\ T isinfinite.
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Unexpected behavior

Example (Non-transitivity)
Let S be the semigroup (with zero) defined by

(a,b,c| ba=0,cb=0,ca=0).

Let T = (a,b,bc) and K = (a,abc). Then K < T < S:
@ K has finite boundary in T

@ T has finite boundary in S

© K has infinite boundary in S.

Note

This contrasts with finite complement subsemigroups where the
property is obviously transitive.
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Generators and relations

Proposition

Let S = (A) where |A| < oo and let T < S. Then T is generated by:
X=B/(AT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

Step 1: Let t € T be arbitrary. Write t = aja» - - - ax where a; € A.

t=ajax - ag
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

v

Step 2: Let 31 = a;---am be the shortest prefix that belongs to T,
noting that:

Br=(a - am1)am € (S\T)ANT =B(AT).

t:a1az...amam+1...ak
—_———
B
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

v

Step 2: Let 31 = a;---am be the shortest prefix that belongs to T,
noting that:

Br=(a - am1)am € (S\T)ANT =B(AT).

t=[B1ami1- - ak
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

Step 3: If amy1---ax € T then stop (in this case t € X).

t=0B1amy1---a
—_————

eT?
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

v

Step 4: Otherwise, let 3> be the shortest prefix of it that belongs to T. It
exists because an,1---ax € T. Again 5 € B,(A, T).

t=018me1--@nanyt - 8k
—_———
B2
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

v

Step 4: Otherwise, let 3> be the shortest prefix of it that belongs to T. It
exists because an,1---ax € T. Again 5 € B,(A, T).

t =102 ant1 - a
—_——
eT?
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Generators and relations

Proposition
Let S = (A) where |A| < cc andlet T < S. Then T is generated by:

X=BAT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

v

Eventually: The tail of the word will either be empty or will belong to
S\ T, and we stop.

€T

——

t=01B203---0iar - ak
¢t
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Generators and relations

Proposition

Let S = (A) where |A| < cc andlet T < S. Then T is generated by:
X=B/(AT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

Corollary

If S is finitely generated and T has a finite boundary in S then T is
finitely generated.
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Generators and relations

Proposition

Let S = (A) where |A| < cc andlet T < S. Then T is generated by:
X=B/(AT)S\T)'nT.

Moreover, the generating set X is finite if B(A, T) is finite.

Corollary

If S is finitely generated and T has a finite boundary in S then T is
finitely generated.

Theorem

If S is finitely presented and T has a finite boundary in S then T is
finitely presented.

v
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One-sided boundaries

Definition (Bruck—Reilly extension)

M - monoid, # € End(M). BR(M, ) = N° x M x N° with:
(m.a,n)(p,b,q) = (m—n+t (a0"")(b0"P),qg— p+1)

where t = max(n, p).

Proposition
S = BR(M, ) finitely generated, and T = {(0,a,n) : a€ M,n € N°}.
@ T has finite right boundary, T has infinite left boundary.
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One-sided boundaries
Definition (Bruck—Reilly extension)
M - monoid, # € End(M). BR(M, ) = N° x M x N° with:

(m’ a, n)(pv b, q) = (m —n+t, (aet_n)(bet_p)v g—p-+ t)

where t = max(n, p).

Proposition
S = BR(M, ) finitely generated, and T = {(0,a,n) : ac M, n € N°}.
@ T has finite right boundary, T has infinite left boundary.

Example

Choose M and 6 such that BR(M, 0) is finitely presented while M is
finitely generated but not finitely presented. Then T < BR(M, 0) is
finitely generated and has a finite right boundary, but is not finitely
presented.

v
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Strict boundaries and unitary subsemigroups

Problem. If G is an infinite group and H is a proper subgroup of G then
IB(A, H)| < 0o < |H| < 0.

Definition (Strict boundary)

SB(A,T)={teT:t=ay---acanda;---a; ¢ T for1 <i< k}.
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Strict boundaries and unitary subsemigroups

Problem. If G is an infinite group and H is a proper subgroup of G then
IB(A, H)| < 0o < |H| < 0.

Definition (Strict boundary)

SB(A,T)={teT:t=ay---acanda;---a; ¢ T for1 <i< k}.

v

Example
Let S=Z=(—1,1)and let T = 2Z. Then:

SB(A, T) = {0,2, -2} C 2Z = B(A, T).

1 1
/ﬂ 4“ 3“ ZM 1/N0/_\1/\\2/N3M4/‘ﬁ
\_/ V V V v V V v V N

= = = = = =i

v
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Strict boundaries and unitary subsemigroups

Problem. If G is an infinite group and H is a proper subgroup of G then
IB(A, H)| < 0o < |H| < 0.

Definition (Strict boundary)

SB(A,T)={teT:t=ay---acanda;---a; ¢ T for1 <i< k}.

v

Theorem

Let S be a finitely presented semigroup with T a subsemigroup of S. If
T is left unitary and has a finite strict right boundary in S then T is
finitely presented.
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